We demonstrate that the parity-time symmetry for sound is realized in the laser-pumped multiplequantum-well structure. Breaking of the parity-time symmetry for the phonons with wave vectors corresponding to the Bragg condition makes the structure a highly-selective acoustic wave amplifier. Single-mode distributed feedback phonon lasing is predicted for structures with realistic parameters.
The quantum well structures form an established platform successfully used for quantum cascade lasers [18] , sasers [19] [20] [21] , phononic crystals and nanoresonators [22, 23] . Strong enhancement of photoelastic light-sound interaction at the exciton resonance has recently been demonstrated [24] . Here, we predict that a laser-pumped QW with realistic parameters acts as a phonon amplifier/attenuator depending on the detuning of the pump laser from an exciton resonance. Combining QWs that have exciton frequency positively and negatively detuned from the laser frequency in the same structure we can realize PT symmetry for sound.
Sound transmission and reflection from a single QW.-We begin with a demonstration that a single QW pumped by a laser light of the frequency close to the exciton resonance can be used for controllable phonon amplification and attenuation. The Hamiltonian describing an interaction of the longitudinal acoustic phonons with excitons in a QW reads
where ω x is the QW exciton resonance frequency, Ω k = s|k| is the phonon dispersion with s being the speed of sound, a k and b are the annihilation operators for the phonons and excitons, respectively, and = 1. The last term of Eq. (1) stands for the exciton-phonon interaction due to the deformation potential mechanism [25] . The matrix element of the interaction reads g k = ikΞ k / √ 2ρΩ k S, where Ξ k = (Ξ e |ψ e (z)| 2 + Ξ h |ψ h (z)|
2 ) e −ikz dz with ψ e(h) and Ξ e(h) being the electron (hole) confinement wave functions and deformation potential constants, respectively, ρ is the mass density, and S is the sample (normalization) area [26, 27] .
When a QW is excited by a laser of the frequency ω L close to the exciton resonance, the coherent exciton population is created. This can be taken into account by making the substitution b → b L + b in Hamiltonian (1) , where the number of laser-induced excitons is given by
is the laser power, ∆ = ω L − ω x is the laser detunig, Γ 0 and Γ x are the radiative and total exciton decay rates, respectively. The presence of a exciton population enhances the excitonphonon interaction leading to the modification of the exciton spectrum. This effect is described in the framework of Keldysh diagram technique [28] by the exciton self-energy correction
where
k ] is the retarded phonon Green's function, and Γ p is the phonon decay rate due to the unharmonicity and scattering. We calculate FIG. 1. Laser-pumped multiple-quantum-well structure with two quantum wells in the unit cell that realizes the PT symmetry for phonons.
the real and imaginary parts of the self-energy, Σ(ω L + Ω) = δΩ(Ω) − iγ(Ω), separately and obtain
The real part of self-energy δΩ describes a modification of the exciton resonance frequency. From now on we assume that it has been already included in the exciton energy. Contrary, the imaginary part γ leads to the pumpinginduced modification of exciton lifetime that is shown below to cause phonon amplification and attenuation. The transmission t(Ω) and reflection r(Ω) coefficients of a phonon with the frequency Ω through the pumped QW read [29] ,
where ∆ = ω L − ω x is the detuning of the laser from the exciton resonance. It follows from Eqs. (5)- (6) that the phonon transmission and reflection coefficients have a pole at the frequency Ω ≈ |∆| − i(Γ x − γ sign ∆), that shifts towards (away from) the real axis with increasing γ for positive (negative) laser detuning. This effect is similar to the optomechanical heating (cooling) [16] but utilizes the exciton resonance instead of cavity resonance. The maximal reflectance is achieved at the resonance frequency Ω 0 = ∆ 2 + Γ 2 x . Transmittance also has an extremum at Ω 0 , the resonant value of the transmission coefficient reads t(Ω) ≈ 1 + (γ∆)/(Γ x Ω 0 ). Hence, the transmitted phonon is amplified if ∆ > 0 and attenuated if ∆ < 0.
We estimate the effect of phonon amplification using the state-of-the-art GaAs QW parameters [24, 30] . We take Ξ k ≈ 10 eV, Γ x = 0.1 meV and consider 120 GHz phonons. Then for an exciton density realizable in experiment |b L | 2 /S = 10 10 cm −2 [31] we obtain γ ≈ 1µeV. While this corresponds only to a 1% amplification by a single QW, in MQW structures with hundreds of QWs [32] , amplification by several times is expected. Methods of acoustic transmission spectroscopy applicable in this context have been already developed [33] .
Resonant PT -symmetric phononic crystal.-We have shown above that the sound amplification/attenuation is controlled by the laser detuning from the exciton resonance. Now we consider a periodic layered structure consisting of QWs separated by barriers of width d, see Fig. 1 . The unit cell of the structure contains two QWs of slightly different parameters so that their exciton resonance energies are distinct, ω
x ± δω x . When the structure is pumped with a laser of the frequency ω L that lies between the two exciton resonances, a half of QWs will amplify the sound while the other half will attenuate it. We focus on the case when the laser frequency ω L is equal to ω (0)
x and the sound gain and loss in QWs of the two types have the same magnitude, hence the acoustic PT symmetry is realized.
In order to calculate the phonon transmission coefficient through the structure we use the transfer matrix technique for acoustic waves [34] . For each structure layer, a QW or a barrier, we build a 2 × 2 transfer matrixT linking the amplitudes of the right-and left-going acoustic waves (denoted by + and −, respectively) at the right layer edge with those at the left one,
Here, the single layer transmission and reflection coefficients t and r are given by Eqs. (5)- (6) for a QW, while for an interwell barrier they are equal to r = 0 and t = e ikd , k = (Ω + iΓ p )/s. The transfer matrixT 1 for a structure period is a product of the transfer matrices for two QWs with ∆ = ±δω x and two barriers of width d. By calculating the eigenvalues e 2iKd of the matrixT 1 we obtain the dispersion equation
. Equation (8) determines the relation between the Bloch wave vector of an acoustic wave K and its frequency Ω. First, we neglect the finite phonon lifetime Γ p . If we choose Ω to be real, we will get from Eq. (8) the value of K(Ω) that has, in general, a non-zero imaginary part. The only exception is the frequency Ω 0 = δω 2 x + Γ 2 x , where χ(Ω 0 ) turns real, so Bloch wave vector K(Ω 0 ) is also real and acoustic wave does not decay nor grow in space. The frequency Ω 0 is the one where the exact PT symmetry for sound is realized. Note that due to the causality principle, the exact PT symmetry can be realized at isolated frequency points only [35] , in our case at the frequency Ω 0 . The discussed below effects of PT symmetry are still valid in a certain vicinity of this frequency, where the deviation from PT symmetry is negligible.
PT symmetry breaking for Bragg phonons.-Of particular interest is the case when the frequency of PT symmetry matches the Bragg resonance condition, Ω 0 /s = π/2d. In what follows we focus on this case. Using the Taylor expansion for Eq. (8) in the vicinity of Ω = Ω 0 and K = π/2d we obtain the dispersion law of acoustic Bloch modes
where G = (s/d)χ(Ω 0 ) = 2γδω x /πΓ x is the maximal mode decay/gain rate. The dispersion law of the real and imaginary parts of the frequency Ω(K) of the acoustic Bloch mode in the PT -symmetric structure is shown in Fig. 2a . It follows from Eq. (9) and Fig. 2 that the frequencies Ω(K) corresponding to the Bloch states with wave vector far from the Brillouin zone edge, |K − π/2d| > G/s, are real, which is a consequence of PT symmetry. On the other hand, the frequencies of the two Bragg acoustic modes with the wave vector |K − π/2d| < G/s have non-zero imaginary parts and are complex conjugate to each other. This can be interpreted as PT symmetry breaking for these modes: Indeed, the standing acoustic wave with the wave vector K = π/2d matching the Bragg condition can either have the deformation nodes in the amplifying QWs and the antinodes in the attenuating QWs, or vice versa, resulting in the net gain or loss, respectively.
For comparison we consider the structure where all attenuating QWs are removed, i.e. an array of amplifying QWs with the inter-well distance 2d. The sound dispersion in such structure is shown in Fig. 2b . In that case the frequencies of all Bloch modes have positive imaginary part. As a result, many acoustic modes are amplified simultaneously, in contrast to the PT -symmetric structure, where the modes only within a narrow range of wave vectors are amplified.
Highly selective sound amplification.-The sound transmission coefficient through the structure with N periods is readily expressed via the corresponding transfer matrix element as Figure 3a shows the map of the PT -symmetric structure transmittance vs the phonon frequency and the laser detuning. The areas of amplification (red color) of transmitted sound lie above of either of two resonances, while the areas of attenuation (blue) lie below them. In agreement with Eq. 5, maximal amplification/attenuation occurs when Ω = |ω L − ω x , which is a signature of acoustic PT symmetry. The cross-section of the map showing the dependence of transmittance on phonon frequency in this case is shown in Fig. 3b . One can see that the transmittance is close to unity at all phonon frequencies except for a narrow frequency region around the Bragg resonance. The former is the consequence of the PT symmetry while the latter is due to the PT symmetry breaking for the Bragg phonons discussed above. Transmission spectrum in the vicinity of the Bragg resonance is described by
where L = 2dN is the structure length. It follows from Eq. (10) and Fig. 3b that the width of the frequency region where the sound is amplified shrinks as 2 (Ω 0 /N ) 2 − G 2 with the increase of the structure length.
The highly selective sound amplification is a hallmark of PT -symmetric system. For comparison we consider the case when the laser is detuned from ω (0)
x and no PT symmetry is present. Shown in Fig. 3c is the sound transmittance for the case when laser frequency lies slightly above the exciton resonance ω (−)
x . In that case, the sound is amplified in a much broader frequency range of the width Γ x that does not change with the increase of the structure length. Figure 3d corresponds to the laser frequency tuned in such way that the Bragg condition is satisfied only at the high-energy exciton resonance, ω L = ω (+) x + πs/(2d). In that case the QWs with low-energy exciton are off-resonant, so the structure is equivalent to that with all low-energy QWs removed. Phonon dispersion in such structure suggests that the Bloch modes with positive imaginary part of the eigenfrequency exist in a wide range of wave vectors, even though there is some boost at the Bragg resonance, see Fig. 2b . Concomitantly, in the transmission spectrum Fig. 3d both the narrow peak and the wide background are present, so the resulting amplification selectivity is low.
Phonon lasing transition.-Finally, we discuss the possible application of the proposed PT -symmetric acoustic crystal to achieve distributed feedback single-mode phonon lasing. With increase of the structure length the amplification peak grows while its width decreases, see Fig. 3b . We plot in Fig. 4 by thick solid curves the dependence of the transmission maximum |t(Ω 0 )| 2 on the number of periods in the structure. The curves are calculated for the different values of γ that are proportional to the pump laser intensities, and for finite phonon decay rate Γ p = 1 µeV [36] . At low pump rate the transmission coefficient tends to zero when N → ∞, see the black curve in Fig. 4 . The behavior changes drastically when the value of Bragg mode amplification G surpasses the phonon decay rate Γ p . This takes place for γ > πΓ x Γ p /2δω x and means that the infinite structure becomes unstable. Consequently, the dependence of the transmission coefficient on the structure length diverges at a certain number of periods, see blue and red curves in Fig. 4 . The diverging transmission coefficient indicates that a complex eigenfrequency of the structure has reached the real axis and further increase of the structure length or the laser power will lead to this pole acquiring a positive imaginary part, meaning the phonon lasing transition. The critical number of periods is given by
and decreases with the increase of the laser power. The dependence of the critical value of γ on the number of periods in the structure is shown in the inset of Fig. 4 . The value of γ = 1 µeV corresponds approximately to the pump laser intensity 1 mW per µm 2 cross-section. Even if the structure itself is amplifying but not yet lasing, one can attain the lasing by embedding it into an acoustic cavity [37] . The simplest approach is to place the considered above resonant acoustic crystal near an interface with vacuum. Assuming perfect phonon reflection from the interface, and tuning the distance from the interface to the first amplifying QW to λ/4, we will get lasing as soon as |r(Ω 0 )| > 1. Shown in Fig. 4 by thin curves is the dependence of the reflection coefficient on the structure length. One can see that |r(Ω 0 )| reaches unity in the structures that are twice shorter than critical. This is because the mirror reflection from the interface makes the structure efficiently twice longer, consequently reducing the critical length of lasing by the factor of 2.
To summarize, we propose to use laser-pumped quantum wells for phonon manipulation at the nanoscale level. Phonon amplification and attenuation by a quantum well with realistic parameters can be controlled by the laser detuning and intensity. We show how to combine quantum wells with red-and blue-detuned exciton resonances in the same structure in order to realize the acoustic PT symmetry. Such resonant acoustic crystal turns out to be a highly-selective sound amplifier, which can be used to achieve the PT -symmetric single-mode phonon lasing.
Supplemental Material: Derivation of the sound transmission and reflection coefficients for a pumped quantum well by means of the Keldysh diagram technique First, we calculate the Green's function of a QW exciton dressed by interaction with phonons. Due to the presence of coherent pump, in addition to retarded and advanced exciton functions G R and G A , we need also Beliaev propagators G and G × , corresponding to creation of exciton pair from condensate of excitons generated by laser, and its annihilation, respectively. It is convenient to arrange these functions in a matrix [28] 
Dyson equation for the dressed exciton Green's function reads
where bare exciton Green's function is given bŷ 
where Ω = ω − ω L and ∆ = ω L − ω x − Σ(ω L ). Note that Σ(ω L ) is real. Finally, we express transmission and reflection coefficients of a phonon with wave vector k via exciton Green's functions,
which after simplification yields
Neglecting the real part of Σ while keeping Im Σ(ω L + Ω) = −γ(Ω) we obtain Eqs. (5)- (6) of the main text.
